UNIT - I1
TIME RESPONSE ANALYSIS-1I

Topics: Standard test signals, Step response of first order and second order

systems, Time response specifications, Time response specifications of

second order systems, steady state errors and error constants. Introduction
to PI, PD and PID Controllers (excluding design).

STANDARD TEST SIGNALS

i) Step Input (Position function) :

It is the sudden application of the input at a specified time as shown in the Fig.
Mathematically it can be described as,

t) = A for t20
=0 for t<0

%

A >

'y
If A =1, then it is called unit step function

and denoted by u(t).

Laplace transform of such input is %

i) Ramp Input (Velocity function) :

It is constant rate of change in input ie. 1)
gradual application of input as shown in the
Fig. «+— Slope = A
Magnitude of Ramp input is nothing but its
slope. Mathematically it is defined as,
(t) = At fortz0
= 0 fort<0Q

If A = 1,.it is called Unit Ramp input. It is

denoted as r(t). Its Laplace transform is i}
s

iif) Parabolic Input {Acceleration function) : ‘

y
This is the input which is one degree faster than
a ramp type of input as shown in the Fig. «—— Slope = At

—

of
Mathematically this function is described as,

) = %-t’, for t 20
= 0, for t<O

Pagel



where A is called magnitude of the parabolic input.
2

If A=1,ie x(t) =~ itis called unit parabolic input. Its Laplace transform is A
s

iv) Impuise Input :

It is the input applied instantaneously (for short vt

duration of time) of very high amplitude as shown

in the Fig. I
It is the pulse whose magnitude is infinite while A

its width tends to zero ie. t — 0, applied

momentarily . >t
Area of the impulse is nothing but its _.!"I:__’O

magnitude. If its area is unity it is called Unit
Impulse Input, denoted as d(f).

Mathematically it can be expressed as,

) = A for t=0

0, for t0

The Laplace transform of unit impulse input is always 1. The unit
impulse is denoted as &t).

r{t) Symbol R(s)
Unit step u(t) s
Unit ramp rt) 1s?
Unit parabolic - 1s°
Unit impulse &t 1

CHARACTERISTIC EQUATION OF A SYSTEM

e Tr. TEm = (W
RG)
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When the denominator polynomial of transfer function is equal to zero, it is
called as characteristic equation of the system.
From equation(1), characteristic equation is

aos™ + aist1 + ..., +an=0
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ORDER OF A SYSTEM
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RESPONSE OF FIRST ORDER SYSTEM FOR UNIT STEP INPUT
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SECOND ORDER SYSTEM

The closed loop second order system is shown in fig

R(s) w? C(i) RGs) | o? C(s)
-

s+ 2o,s+02

The standard form of closed loop transfer function of second order system is given by,

C(s) w2

n

R(s) s +20w,5+0-

where, ©_ = Undamped natural frequency, rad/sec.
£ = Damping ratio.

The damping ratio is defined as the ratio of the actual damping to the critical damping. The
response c(t) of second order system depends on the value of damping ratio. Depending on the value of
C. the system can be classified into the following four cases,

Case 1 : Undamped system, =0

Case2 : Under damped system, 0<L<1

Case3 : Critiéaily damped system, (=1
Cased : Over damped system, £>1

The characteristics equation of the second order system is,
s’+2Los+o? =0

It is a quadratic equation and the roots of this equation is given'by,

2o, + 4002 ~dod 20, + 103G 1)
2 2

roots are purely imaginary

When =0, s;, 8, =+j0,; {and the system is undamped

roots are real and equal and

When(=1, s, 8, =—0; {the system is critically damped
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roots are real and unequal and
the system is overdamped

When 0<¢ <1, s, s, ==(0, m\/ -1 =-Co,* n\/(—l)(l-C)
——anic«) V-1 1-8 =<0, 2 jo,y1-8

-t roots are complex conjugate
OntJ045 e system is underdamped

where, o4 = mn\/I——Cz

Here o, is called damped frequency of oscillation of the system and its unit is rad/sec.

WhenC>1, s, 5, =-Co, 0, - {

RESPONSE OF SECOND ORDER SYSTEM FOR UNIT STEP INPUT

CASE-I : UNDAMPED SYSTEM

F& wndamped % €

= 0
CO® L U
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CASE-II : UNDERDAMPED SYSTEM

The standard form of closed loop transfer function of second order system is,

-

C(s) _ ©y
R(s) s*+200,5+0;

2

For underdamped system, 0 < { <1 and roots of the denominator (characteristic equation) are
complex conjugate.

The roots of the denominator are, s= o, +o_ 5% -1

- Since (<1, *isalsolessthen1, andso 1-¢? isalways positive.

2 s= Loy £0,(-1)(1-8F) = o, + jo,y1-C

The damped frequency of oscillation, w,;=w_/1-2
S8= *‘qm“ * jmd

2

Op

The response ins-domain, C(s)=R(s)
s*+20m, s+m

For umt step input, r(t) = 1 and R(s) = 1/s.

0;

5. C(s) =
(=) s (s” + 20,5+ 02)

o A Bs+C
s(s"+20o,s+0y) & sT+2o s+o;
A 1s obtained by multiplying C(s) by s and letting s = 0.

By partial fraction expansion, C(s)=

2 2
=sxC(s), _, Dy . b
s(s +200,5+ O ) o @y
To solve for B and C, cross multiply equation and equate like power of s.
On cross multiplication equation after substituting A = 1, we get,

w2 =5 +20o s+o. +(Bs+C)s
] |
wp =5 +200,s+0.+Bs’ +Cs

Equating coefficients of s° we get, 0=1+B

ve)
[
LS
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Equating coefficient of s we get., 0=2fo +C  .C=-20w,

s+2Lo
C - n
)= s S 420 s+o’

Let us add and subtract {% ? to the denominator of second term in the equation

1 s+2§m 1 s+2Lo,
C(S)-;_s +2Lo, s+ 02 +%0’ -Co? A s (& +2Lo,5+C202) + (02 - ol
1 s+2<;co ol s+2Lm,
s (s+lo, ) +02(1-8) s (s+lo,) +oj 0y =0,y1-
1 T sy, - Co,

s (s+lwy )l +0i (+f0,)+0j
Let us multiply and divide by o, in the third term of the equation

- I S+€C0n : gmn ®g f =;.l.

- O(s)=—— - £{1}

© s (stlm)+oi 04 (s+{0,) +0] s

Loz _ (]

The response in time domain is given by, L{e S“"‘“} T __“"__(s_'_a)z P
, 1 s+la Cw ® —at { s+a
t)= e =04—- n___ =" d Lie ™ cosot } = g

< few {5 (s+Lo,) +05 o4 (s+§mn)2+m§} { } _(s+a)2+0.1:E

S () e . - - W .
=l—e_c°°"‘cosa)dt—£—-"—e Sonlsing 4t = 1~ €75 cosw,t + 5, sina 4t J >
@4 @,1-& g =0py1-C
—Logt -

=1= J]—?(\“—CZ coswyt+ £ sin{?dt)=1—\€,=-;iw;; (s'mwdt x €+ coswgt x 1(14;2)

Let us express c(t) in a standard form as shown below.

oot : tructing right angl
e(f) =1~ = (sine 4t x cosB + cosw 4t x sind) ivate s On congiructing Hgncangle
J1-¢ triangle with £ and \1-¢* , we get
~Cont
e

=1~ sin(o4t +6) sif 6 = y1-¢7

Ji=® cos 6=( 1=
. / & 2

- where, {9 = tan"%cz] ' tan C -

The equation is the response of under damped closed loop second order system for unit step
input. For step input of step value, A, the equation should be multiplied by A.

. For closed loop under damped second order system,

oGt 1-&2
Unit step response =]————sin (0 t+0) ; O=tan' X ——
J1-¢& a
' I— —Cwogt J
Step response =Al1-= sin (wyt+6) ; 6=tan™’ C
N \/1 ¢2 S
r(t) 4 c(t) 4
0 & 0 t
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CASE-III : CRITICALLY DAMPED SYSTEM
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CASE-IV : OVER-DAMPED SYSTEM

The standard form of closed loop transfer function of second order system is,
) of
R(s) s +200,s+0>

For overdamped system £ > 1. The roots of the denominator of transfer function are real and
distinct, Let the roots of the denominator be s, s, -

1
2 — 2
Sa’sb=_‘:mnimn i - _"[animn C_;_IJ

Let s, =-s, and s, = -3, .‘.sl=(;mn'—mu,/(?—_1
s, =Lo, +o ,n/C_,?'_—I
The closed loop transfer function can be written in terms of s, and s, as shown below.
C®__ - o o

R(S) s +260,s+0> (s+5) (s+$,)

For unit step input 1(t) = 1 and R(s) = 1/s.

2 2
£ C(s)= R() 2 =

(s+5) (s+5;) s(s+s,) (s+5;)
By partial fraction expansibn we can write,

2
A B C
C(s)= 2u =—+ +

s(s+s;)(s+s,) s s+s5 S+s,

2 ) 2
n I _mn

X =
S(s+s;) (5+52)L=0 818,

®

A =5%C(S)e0=5

o? _w o
=[_ II ( 2. I 2;2—=1
N | AW WER R
. 2
0)“ _ 3
B=(s+ S])XC(S)L-—S] s(s+s,) _— B ~5,(=8; +5,)
= "mfl = . _mln = %®n l
s, I-—imn +o & -1+8o, +0,C - 1] [203,, ¢ —1} s, 2yCi -1 S
2
(.[In _ o,
C=C(é)x(5‘r52)‘s =—52 s (5.].51) sy _52(_52.4.30.
2 2

@, ®; _ o,

o _ _ 1
R I = IR ] PR Y SR

The response in time domain, ¢(t) is given by,

D, 1 1 O, 1

1
o(t)= L=t —Bn_ + 1
S 2P -1 8 (5Fs) 221 5 (5F8)
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where, s, =, -,y -1

S, =Lo, + @48 -1

I‘(t) A ) ’ C(t) A
1 i

TIME RESPONSE SPECIFICATIONS OF SECOND ORDER SYSTEM

C(t)‘
C(tp)"T ---- ;
M, /.
1L .-.%-- Lo\ SN ... Allowable error

) 2% or 5%

0.5b-f

' ' '
. '

0O t. ¢ ¢t -

=l /

s

1. Delay time, t,

2. Rise time, t,

3. Peak time, t_

4. Maximum overshoot, MP
5. Settling time, t,
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1. Delay time (td): It is the time required for the response to reach 50% of
the steady state value for the first time

2. Rise time (t;): It is the time required for the response to reach 100% of
the steady state value for under damped systems. However, for over damped
systems, it is taken as the time required for the response to rise from 10% to
90% of the steady state value.

3. Peak time (tp): It is the time required for the response to reach the
maximum or Peak value of the response.
4. Peak overshoot (Mp) : It is defined as the difference between the peak
value of the response and the steady state value. It is usually expressed in
percent of the steady state value. If the time for the peak is tp, percent peak
overshoot is given by,

c(t,) —c()

Percent peak overshoot M, = () x 100.

For systems of type 1 and higher, the steady state value c (») is equal to
unity, the same as the input.

5. Settling time (ts) : It is the time required for the response to reach and
remain within a specified tolerance limits (usually * 2% or = 5%) around the
steady state value.

EXPRESSION FOR RISE TIME (t;)

The unit step response of second order system for underdamped case is given by,

—Loats

c(t)y=1- sin(w4t+90)
J1-22

Att=t, c(t) = c(t,) =1

—i
S®gntr

sin(m4t, +8) =0

se(t)=1- sin(w4t, +0) =1

_e“:‘:ﬂntr

J1-22
Since —e 't =0, the term, sin (o4t +0)=0
When, ¢ =0,7,27,37... , sin =0

o mdtr + 9 =T

{Ddtr =‘II:—9

. s s
- Rise Time, t, =
md
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1-22

Here, 6 =tan" - Damped frequency of oscillation, @y =, /1-&°

1=
m—tan”' S
- Rise time, t, = 5 insec

mﬂJl—

EXPRESSION FOR PEAK TIME (tB)

To find the expression for peak time, t, differentiate c(t) with respect to t and equate to 0.

. d
ie., —d?;(t)|t=r =

The unit step response of under damped second order system is given by,
Lot

J1-27

Differentiating c(t) with respect to t.

. C(t):l—

sin(w,t +6)

~Za gt

— _pSeqt
g}:—c(t)= J?—_C-z (—-Cmn)sin(mdt+9)+[\/e_—€} cos(o,t+8)m,
Put, o, =0 1-¢’

'Cﬂint '

. d—tc(l) - J__Q

Pl [(; sin(w,t+0) - ﬁ cos(t + 9)}

(Co,) sin(w t+6) - \/_“ e cos(w,t+0)

—_Da - ejﬁaﬂ‘{cosﬁ sin(w,t+0)—sin6 cos(w,t + 9)1
V1-C _

—2i e [sin(0,t +8)cosl- cos(w,t + 8)sin6]

-C

_‘8

— Cze@Wbm«mJ+m-eﬂ jfzzfﬁﬂﬁMmg)

D sin(@g4t,) =0
,h—gz |
Since, g o0ntp o 0, the term, sin(® atp) =0
‘When ¢ =0, n, 2=, 3=, sing =0
s @vdtp =T
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) T

- Peak time, t, =—
- ®

d

The damped frequency of oscillation, w4 = mﬂf 1-¢2

. Peak time, t, = ——ﬁ—_g; _
@, — |

EXPRESSION FOR PEAK OVERSHOOT (My)
c(ty) - ¢(x0)
e W
c()
where, c(tp) = Peak response att = L.

¢(«0) = Final steady state value.
The unit step response of second order system is given by,
Lot

%Peak overshoot, %M, = 100

€
() =1-
1-&2

sin(o4t +9)

-0

Att=co, c(t) = c(©) = l—ﬁ? sin(4t+0) = 1-0 = 1

—Coqtp

——= sin(@4t, +6)
J1-¢

Att=tp, e(t)=c(t))=1-

__Cm
-2
=1+e = sin®
N1-C°
in
e_ﬁ G
=1+ 1-¢° = l+e Vi
1-¢%
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.
() - oo 22
Atp)=c(®) oo 1te 1 L 100

Percentage Peak Overshoot, %M, = =
(oo

-

=g “F"EEXIGO

EXPRESSION FOR SETTLING TIME (t§l

The response of second order system has two components. They are,

e‘:“-‘n[
1. Decaying exponential component, ﬁ .
2, Sinusoidal component, sin(w t + 6).

In this the decaying exponential term dampens (or) reduces the oscillations produced by sinusoidal
component. Hence the settling time is decided by the exponential component. The settling time can be
found out by equating exponential component to percentage tolerance errors.

¢ 5nls

For 2 % tolerance error band, at t =1, 2 =002
For least values of { , ¢7=®n's = 002 .
On taking natural logarithm we get,
' 4

-Lo,t,=(002) = =Co,t.=-4 = t.=

. 1
For the second order system, the time constant, T=——
S0y

- Settling time, t_= e 1 _ 4T (for 2% error)

'5{DJ:I

For 5% érror, e ®nls = 05
On taking natural logarithm we get,

~Lw,t, = n(0.05) - —tot=-3 = =

=3T  (for 5% error)

. Settling time, t, =

n

In(% error) _ In(% error)
Lo, T

. Settling time, t, =
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EXPRESSION FOR DELAY TIME (tg)
(PGIOU Tome ) G e Teguuud b owach SO % ole,

L€ ta) =+

e wab JG noporse o Snd Bdon Jplum g gl by

C&) < (- e—g(‘ﬂnt %Vr‘) L,\Od(- +(9)
||f‘§°“

A O

ngw'h

o Sfm@d bt (SD

ZERO’S OF THE SYSTEM

The roots of numerator polynomial of the transfer function are called
as zero’s of the system. (Or)

The values of ‘s’ at which the transfer function becomes zero are called
as zero’s of the system.

POLE OF THE SYSTEM

The roots of denominator polynomial of the transfer function are
called as poles of the system. (Or)

The values of ‘s’ at which the transfer function becomes infinity are
called as poles of the system.
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TYPE NUMBER OF SYSTEM
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STEADY STATE ERROR

The steady state error is the value of error signal e(t), when t tends to infinity. The steady state
error is a measure of system accuracy. These errors arise from the nature of inputs, type of system and
from non linearity of system components. The steady state performance of a stable control system is
generally judged by its steady state error to step, ramp and parabolic inputs.

Consider a closed loop system shown in fig

Let, R(s) = Input signal
E(s) = Error signai
C(s) H(s) = Feedback signal
C(s) = Qutput signal or response

The error signal, E(s) = R(s) — C(s) H(s)
The output signal, C(s) = E(s) G(s)

Pagew



On substituting for C(s)
E(s) = R(s) — [E(s) G(s)] H(s)
E(s) + E(s) G(s) H(s) = R(s)
E(s) [1 + G(s) H(s)] = R(s)

R(s)

TG e

Let, e(t) = error signal in time domain.

. i _1_ R
ne(t)=L {E@)}=L {1 +G(s) H(S)}

Let, e = steady state error.

The steady state error is defined as the value of e(t) when t tends to infinity.
e = Lt e(t)

t—x0

The final value theorem of Laplace transform states that,
If, F(s)=L{f(t)} then, tLt f(t) = LtsF(s)

Using final value theorem,

The steady state error, e, = Lt e(f)= Lt sE(s)= Lt ~ CS}lz()s)H( ;
t—c0 5 s— + S S

STATIC ERROR CONSTANTS

When a control system is excited with standard input signal, the steady state error may be zero,
constant or infinity. The value of steady state error depends on the type number and the input signal.
Type-0 system will have a constant steady state error when the input is step signal. Type-1 system will
have a constant steady state error when the input is ramp signal or velocity signal. Type-2 system will
have a constant steady state error when the input is parabolic signal or acceleration signal. For the three
cases mentioned above the steady state error is associated with one of the constants defined as follows,

Positional error constant, K = Lto G(s) H(s)
: o
Velocity error constant, K, = Ltﬂ s G(s) H(s)
s> .

Acceleration error constant, K, = Lt s*G(s) H(s)

The K, K and K_are in general called static error constants.
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STEADY STATE ERROR FOR UNIT STEP SIGNAL
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STEADY STATE ERROR FOR UNIT RAMP SIGNAL
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STEADY STATE ERROR FOR UNIT PARABOLIC SIGNAL
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CONTROLLERS
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CLASSIFICATION OF CONTROLLERS
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PROPORTIONAL CONTROLLER (P-CONTROLLER)
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ADVANTAGES:

1. Proportional controller helps in reducing the steady state error, thus
makes the system more stable.

2. Slow response of the over damped system can be made faster with the
help of these controllers.

DISADVANTAGES:

1. Due to presence of these controllers we get some offsets in the system.

2. Proportional controllers also increases the maximum overshoot of the
system.

INTEGRAL CONTROLLER (I-CONTROLLER)
Uhich - dmbgral st 0uE) sgpd o)

Tty Joploce Tromspg,
M) = K E(s)

- =

fj'_r f.}l(ﬁ - K{.
EGS) - 5

/]"‘- f

i blote disgam d imltgorlh Gonbiollyn 5 b

05 KON
(VR ;3?[5t))\7{ijﬁw; M &)

o)
kl)

Advantages of Integral Controller:

Due to their unique ability, they can return the controlled variable back to
the exact set point following a disturbance that’s why these are known as
reset controllers.

Disadvantages of Integral Controller:

It tends to make the system unstable because it responds slowly towards
the produced error.

DERIVATIVE CONTROLLER (D-CONTROLLER)

Thae dnatwmﬁb@. Condnollen  Producy  the olf gy o)
whih A du dovvadiug o oudl Somed e Tl df; Urarige
de oo sgmal . &)

de. mE) = Ky j’t e @D
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chote Kd = deruwadiug Corgtamt.
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Advantages of Derivative Controller:

The major advantage of derivative controller is that it improves the transient
response of the system.

Disadvantages of Derivative Controller:
1. It never improves the steady state error.

2. It produces saturation effects and also amplifies the noise signals
produced in the system.

PROPORTIONAL+INTEGRAL CONTROLLER (PI-CONTROLLER)

Thy 39 (,m']’tba.mol,«m Dk FJ\OPB‘LhonaJ and an J’ta_j
CG:J G! C\C/t@ﬁ 1t \Eﬂ
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PROPORTIONAL+DERIVATIVE CONTROLLER (PD-CONTROLLER)
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PROPORTIONAL+INTEGRAL+DERIVATIVE CONTROLLER(PID-CONTROLLER)

The PID-controller produces an output signal consisting of three terms : one proportional to error
signal, another one proportional to integral of error signal and the third one proportional to derivative of

error signal.

In PID - controller, u(t) o [e(t) + J.e(t) dt + dite(t)]

. —_ Kp d
u() = K, e(t)+TiJe(t)dt+KpTd-d—te(t)

where, K = Proportional gain
T, = Integral time
T, = Derivative time

On taking Laplace transform of equation with zero initial conditions we get,

UGs)=K E()+ E(S)+K Ty s E(s)
T s

~. Transfer function of PID - controller, % =K, (I + L+ Tds)
S i
The equation gives the output of the PID-controller for the input E(s) and equation

is the transfer function of the PID-controller. The block diagram of PID-contoller is shown in fig

R R(s) E(s U(s)
(s) ; EG) e (s) Kp(lﬁ“}l—*‘ns] | U
iS
Feedback
signal Feedback signal

The combination of proportional control action, integral control action and derivative control action
is called PID-control action. This combined action has the advantages of the each of the three individual
control actions.

The proportional controller stabilizes the gain but produces a steady state error. The integral controller
reduces or eliminates the steady state error. The derivative controller reduces the rate of change of error.
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PROBLEMS

1) Obtain the response of unity feedback system when the input to the
system is unit step and whose open loop transfer function is

)

SOL:

The closed loop system is shown in fig C(s)

| Cls)  G(s) —

R(s) 1+G(s)
4 4

. C(s)  s(s+5) _ s(s+5‘)~ B 4 __ 4 B

"Rs) 4,4  s(8*5)+¥4 " s(s+5)+4  s7+55+4 (s+4)(s+1)
s(s+5) s{s+5)

4
(s+7) (s+4)

The closed loop transfer function,

The response in s-domain, C(s) = R(s)

. . 1 4
Since the input is unit step, R(s)=—; ~.C(s) =
P . R(S) S () s(s+1)(s+4)

By partial fraction expansion, we can write,
4 A B C

Cls) = AL 2
) =S +a) s 5:1 s:4

4 | _4
=0 (s+1) (s+4)|, ., 1x4

. ) 4| 4 4
B=C(s) x (S+T)ls='1_5(s+4)s=_1_-—1’(—1+4)_ 3
_ .4 4 _1
M {S”)IST-*“s(sH)L:_J a4 3

The time domain response c(t) is obtained by taking inverse Laplace transform of C(s).
1T 4 1 1T 1 }
+

Response in time domain, c(t)= £ YC(s)} =L = —— —
P . ® {Clel} {s 3 s+1 3 s+4

=1

" A=C(s) x §|

- 4 1 -4t _ 1 ~t At
_1'"{3'9 +-3—e —1—5[43 —e ]

2) The response of a servomechanism is c(t) = 1 + 0.2 e 00t — 1.2 10t when
subject to a unit step input. Obtain an expression for closed loop transfer
function. Determine the undamped natural frequency and damping ratio.

SOL:

Giventhat, c(t)=1+0.2e%-12e™ _
On taking Laplace transform of c(t) we get, _ _
1 1 1 _ (s+60)(s+10)+0.2s(s+10)-1.2s (s +60)
Cls)=5+02 (s+60)—12(s+10) - s (s +60) (s +10)
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600

_s2+70s+600+02s%+25-125°-72s - 600 _
- (s +60) (s +10)

s (s +60) (s +10) T s(s+60)(s+10)

1
s

Since input is unit step, R(s) =1/s.

60 _ 600
(s+60) (s+10) Ris) s? + 70s + 600
C(s) _ 600
R(s) s°+70s+600
The damping ratio and natural frequency of oscillation can be estimated by comparing the system tmnsferfuncaonmm
standard form of second order transfer function.
. Cs) o? 600

"R) 5+ 2o stol  s2+70s+600

. Os)=R(s)

. The closed loop transfer function of the system,

On comparing we get,
mﬁ =600 l Lo, =70
70 70
e E =200
oy V600 = 24.49 rad/ sec { 5 20, 2x2449 3

3) The unity feedback is characterized by an open loop transfer function
G(s) = K / s(s+10). Determine the gain K so that the system will have the
damping ratio of 0.5 for this value of K. Determine the peak overshoot and
the time at peak overshoot for a unit step input.

SOL:

The unity feedback system is shown in fig

R(s) Cis)
The closed loop transfer function Cls) = G(s) '% '—"'

R(s) 1+G(s)

Given that, G(s) =K/s (s +10)

K
. Cls) _ s(s+10) _ K . _ K
TRS) 14 K s(s+10)+K T 87 +10s+K
s(s+10)

The value of K can be evaluated by comparing the system transfer function with standard form ofseoond order transfer
function.

. Cs) of - K
TR(s) st+2o.s+e2  s2+10s+K
On comparing we get,
wi=K . 2w, =10 K=100
0, =vK Put;=0.5and o, = VK w, = 10rad/sec
~2x05x/K =10

JK=10

The value of gain, K=100.

N s
Percentage peak overshoot, %M, =& V™" x100 -
=g 05T105% 100 = 0,163 x 100 =16.3%

b1 b4 (4
Peak time, t,=—= = =(.363 sec
o, o 1-22  1041-052
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4) The open loop transfer function of a wunity feedback system is
G(s) = K / s(sT+1) where K and T are positive constants. By what factor
should the amplifier gain K be reduced, so that the peak overshoot of unit

step response of the system is reduced from 75% to 25%.
SOL:

The unity feedback system is shown in fig C(s)

‘ C(s) _ _Gls) - g‘
The closed loop transfer Mncgon. E(_s_)- = ?G(_s)-

Giventhat, G(s)=K/s (sT +1)

o Cls) _ Kis(sT+1) _ K K
TUR(S) 14K/S(ST+1) S(ST+1)+K sT+s+K

KIT

52+ lS + E
Expression for L and o, can be obtained by comparing the transfer function with the standard form of second order
transfer function.

. Cls) _ o} ___KiT
" R(s) 52+2§cons+mffsz+_s+_[’<_
: T T
On comparing we get,
0 =K/T 2o, =T _
Lo, =vK/T g= LI L L

20T -

. The peak overshoot, M, is reduced by increasing the damping ratio ¢, . The damping ratio £ is increased by reducing the
gain K. ' ]

When M, =075, LetL=¢, and K=K,
When M, =025, Let{=£, and K=K,

2
Peak overshoot, M, =e V™

Taking natural logarithm on both sides, /n M, = me

1-22
yznz
On squaring we get, (in M,)* = ;‘ 2
On crossing multiplication we get, On equating, equation (1) & (2) we get,
InM,)?
(1-C) (M) =% | LIGL,
g 4KT ~ r2+(inM,)?
2
(In M,)? - &2(in Mp)2 =272 l:M
K m2+(nM)?
2 In Mp}z
(InM,)* =C*n® +£*(In M, )? K=Zobl
M M 4T (in M, )?
(inM,)? =2 [nz +(in Mp)z]
nM)?-
< =#ﬂ2)——2 (1)
7%+ (In M)
1 1
Butf{=——, -02=——
i T (2)

2 2
When, K=K, , M =075, . K= T -(r‘nO.TS)2 _ 9952 _ 3006
4T (075 0331 T

2 2
When, K=K,,M_=0.25, .. K,= T +(1n0.25)2 _ 1179 =15_3
P AT (In025)2 7687 T

196

Ky _ (1/T)30.06 _
" K, (1/T)1.53
1
Ki=19.6 K 0 K,=——K
1 2 (or) 2 196
Toreduce peak overshoot from 0.75 to 0.25, K should be reduced by 19.6 imes (approximately 20 times).

Pagegl



5) A unity feedback control system has an open loop transfer function
G(s)=10/s(s*2). Find the rise time, percent overshoot, peak time and settling
time for step input of 12 units.

SOL:

The unity feedback system is shown in fig

The closed loop transfer function, C(S)z G(s)

: - Cc
| R(s) 1+ G(s) R(s) @ )
The closed loop transfer function, ? l
Given that, G(s) = 10/s (s+2) . _

_10
) C(s): s(s+2) _ 10 N 10
TORES) 4410 s(s+2)+10  s?+25+10
S(s+2)
Standard form of Cs) o?
Second order transfer function| R(s) s°+ 200 S+o?
On comparing équation (1) & (2) we get,
®2=10 2Lw,=2
vy 2 1
L 0,=+10=3.162rad/sec sg= -=——=0.316
! : 20, 3162
6=tan"’ viIZ6T tan™’ vi-0316" _ 1248 rad
- & 0.316
04 =0y 1-5% =3162y1-0.316% =3 rad /sec
Rise time, t, = — 6 _= "1249 = 0.63 sec
Oy 3
£ 0.316x

Percentage overshoot, %M, = eV* x100=eV0318% » 100
= 0.3512x100=35.12%

35.12

Peak overshoot = 300 x 12 units = 4.2144 units

Peak time, t 6 = i— = —=1047 sec

P @4

1 1
Lo, 0316x3.162

- For5% error, Settling time, t, =3T =3 sec

W=

Time constant, T = =1sec

For 2% error, Settling time, t, =4T =4 sec

PageBZ



6) The control system is shown below. If the input to the system is i) Unit

step ii) Unit Ramp. Find ess.

R(s) * Y 200 C(s)
s - (s+1)(s+2) "
- 0.02
SOL:
_ 0.1 200 (s +0.1)200
G = (“ T) ((s+ ) s+ 2)] T Ss+1) (s+2)
H(s) = 0.2
_200(s +0.1) _ 200% 0.02x0.1 (1 +1Cs)
GEME) = iy ey 002 = %2 X S0+ s) (15055
3 0.2(1 + 10s)
~ s(1+s)(1+05s)

i}  For unit step input

Lim  0.2(1 + 10s) _
s—0s(l1+s)(1+05s)

K = U™ GoHE) =
b= o GEHE) =

ii)  For unit ramp input

Lim Lim  0.2(1 + 10s)

K, = 50 sG(s)H(s) = s—>0 s(l+s) (1+05s8) 02
1 1
. e, = i = i) =5

7) Find the steady state error for various types of standard test inputs for a
unity feedback system with a) K=10 b) K=200.

K
-s(s+5) (s+ 10)

G(s) =

SOL:

G(s)H(s) K K

S(s+3) (s+10) sxSx[l+§)x 10><(1+T%)

(%)

s(1+0.2s) (1+0.1s)
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K
Lim 50

Lim
Ko = s—0 GloH(s) = s—0s(1+02s) 1+01s)
()
Lim Lim 50 K
K= 550 sCEH() = s—0s(1+02s) (1+0.1s) 50
at)
Lim Lim 50 N
s = o505 COHE) = 057075 (14015 -
- For step input of magnitude 1,
1 1
e, = 1+|<p“1T; =0 ... for any value of K.
For ramp input of magnitude 1,
1 50
eqs = -Kv— = "'R"
a)ForK=10, e, =5
b) For K = 200, ¢, = 025
For parabolic input of magnitude 1,
1 1
¢ T K "0°-% ... for any value of K.

8) For a unity feedback system G(s) = 20 (s+2) / [ s2 (s+1)(s+5) ].
Determine i) type of the system ii) error coefficients iii) steady state error for
the input 1 + 3t + t2/2.

SOL:
. _20(s+2)  __ 8(1+0.5s)
® GOHES) = T Ds+5) ~ 21+ s)1+023)
This is a type 2 system.
(i) K,= Lt Go)H(5)=Lt —S04¥039) __
50 =0 g2(1+5)(1+0.25)
8(1+0.5s5)

K,= Lt sG(s)H(s) =Lt —m—— =
50 =0 s(1+s)1+0.25)

8(1+0.55)
—3 2 = (+5)1+02s)
K s[:t.0 s*G(s)H(s) ,];’t,o (1+5)(1+0.25)

(ii1) Since the input is non-standard, let us use the formula

_ Lt|: SR(s) ]
B 0| 1+G(s)H(s)

e =
r!
Given () = 1+3:+E
1 3 1 s*43s+1
Ris)=—"+—+—=—"—
s s g 53
_ sR(s) _ (s243s+1)
€u= 50 1+G(s)H(s) s 24 8(1+0.55)
04041 . (1+5)(1+0.25)
+0+
——+ 81+0) —§—0.125
(1+0)1+0)

e, =0.125
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